Rules for integrands of the form (c + dx)™ (a + bSec[e + fx])"

1. J-(c+dx)'“ (bsec[e+fx])"dx
1. J(c+dx)’"5ec[e+fx]"d]x when n > @

1: J(c+dx)m5ec[e+fx] dx when me z*

Derivation: Integration by parts

2 ArcTanh|[e! (e+Fx) |

I i (e+f x)
Basis: Csc[e + f x] == -0 . = Oy Log[l+e ]

.F

Rule:If m e z*, then

J(c+dx)"‘5ec[e+fx] dx —

21 (c+dx)"ArcTan[et (¢+F¥) dm . dm .
- [ ] ——j(c+dx)’"‘1Log[1—ﬁe"(e+fX’]d1x+—j(c+dx)’"‘1Log[1+ie”e+“)]dlx
f £ £

J(c+dx)"‘Csc[e+fx] dx —

2 (c +dx)™ArcTanh[e™ (e+FX) dm _ dm .
- [ ] ——J\(c+dx)""1 Log[l—e“‘(e"‘c")]d1x+—J‘(c+dx)““1 Log[1+e™® *F¥ ] ax
f £ f

Program code:

Int[(c_.+d_.#x_)"m_.xcsc[e_.+k_.*Pi+f_.xComplex[@,fz_]+x_],x_Symbol] :=
—2*(c+d*x)“m*ArcTanh[EA(—I*k*Pi)*EA(—I*e+f*fz*x)]/(f*fZ*I) -
d*m/(f*fz*I)*Int[(c+d*x)A(m—1)*Log[l—EA(—I*k*Pi)*EA(—I*e+f*fz*x)],x] +
d*m/(f*fz*I)*Int[(c+d*x)A(m—1)*Log[1+EA(—I*k*Pi)*EA(—I*e+f*fz*x)],x] /3

FreeQ[{c,d,e,f,fz},x] & IntegerQ[2+k] & IGtQ[m,0]

Int[(c_.+d_.#x_)"m_.xcsc[e_.+k_.*Pi+f_.»x_],x_Symbol] :=
—2*(c+d*x)Am*ArcTanh[EA(I*k*Pi)*EA(I*(e+f*x))]/? -
d*m/f*Int[(c+d*x)A(m—1)*Log[l—EA(I*k*Pi)*EA(I*(e+f*x))],x] +
d*m/f*Int[(c+d*x)A(m-1)*Log[1+E“(I*k*Pi)*EA(I*(e+f*x))],x] /3

FreeQ[{c,d,e,f},x] & IntegerQ[2xk] && IGtQ[m,O]



Rules for integrands of the form (c+d x)~m sec(a+b x)"p

Int[(c_.+d_.#x_)"m_.xcsc[e_.+f_.xComplex[@,fz_]+x_],x_Symbol] :=
-2% (c+d*x) “mxArcTanh [E" (—I*e+f*‘Fz*x) ]/('F*'FZ*I) -
dxm/ (fxfz+I) +Int[ (c+dsx) A (m-1) xLog[1-E~ (-Ixe+Ffxfzex)],x] +
dxm/ (fxfz+I) +Int[ (c+dxx)~(m-1) xLog[1+E" (-Ixe+fxfzex)],x]| /;
FreeQ[{c,d,e,f,fz},x] & IGtQ[m,0]

Int[(c_.+d_.#x_)m_.xcsc[e_.+f_.#x_],x_Symbol] :=
-2x% (c+dxX) “mxArcTanh [E" (I* (e+'F*x) ) ]/'F -
dxm/fxInt[ (c+dxx)~ (m-1) xLog[1-E (I« (e+fxx))],x] +

dxm/f+Int[ (c+dxx)~(m-1) xLog[1+E~ (I« (e+fxx))],x] /;
FreeQ[{c,d,e,f},x]| && IGtQ[m,0]

2. J(c+dx)m (bsec[e+fx])"dx whenn>1

1: J(c+dx)m5ec[e+fx]2d1x when m> @

Reference: CRC 430, A&S 4.3.125
Reference: CRC 428, A&S 4.3.121

Basis: Sec [e + f x]2 = §, Tentestxl

Rule: If m > @, then

(c+dx)"Tan[e+fx] dm

J\(c+dx)m5ec[e+fx]2d]x—) . Tj(c+dx)m‘1Tan[e+fx]dx

Program code:

Int[(c_.+d_.#x_)"m_.xcsc[e_.+f_.»x_]"2,x_Symbol] :=
- (c+dxx) “mxCot [e+Fxx] /f +
dxm/fxInt[ (c+dxx) (m-1) xCot[e+Fxx],x] /;
FreeQ[{c,d,e,f},x] && GtQ[m,0]



Rules for integrands of the form (c+d x)~m sec(a+b x)"p

2: j(c+dx) (bsec[e+fx])"dx whenn>1 A ngz2

Reference: G&R 2.643.2 withm — 1, CRC 431, A&S 4.3.126
Reference: G&R 2.643.1 withm — 1, CRC 429', A&S 4.3.122

Rule:lf n>1 A n # 2,then

J(c+dx) (bsec[e+fx])"dx —

b? (c+dx) Tan[e+ fx] (bSec[e+fx])"? b2d (bSec[e+Fx])"? b2 (n-2)
- +

J-(c+dx) (bSec[e+-Fx])"'2dlx
f(n-1) f2(n-1) (n-2) n-1

Program code:

Int[(c_.+d_.#x_)*(b_.xcsc[e_.+f_.*x_])~n_,x_Symbol] :=
-b"2x (c+dxx) xCot [e+fxx] x (bxCsc[e+fxx]) " (n-2) /(fx (n-1)) -
b”2xd* (b*Csc [e+'F*X] ) 2 (n—2)/(f"2* (n-1) * (n-2) ) +
br2x (n-2) / (n-1) »Int[ (c+dx) » (bxCsc[e+Fxx] )~ (n-2),x] /;

FreeQ[{b,c,d,e,f},x] && GtQ[n,1] & NeQ[n,2]

3: J.(c+dx)'" (bsec[e+fx])"dx whenn>1 Anz2 Am>1

Reference: G&R 2.643.2
Reference: G&R 2.643.1

Rule:lf n>1 A n+#2 A m>1,then

j(c+dx)'“ (bsec[e+fx])"dx —

b (c+dx)"Tan[e + f x] (bSec[e+1=x])"'2 b2dm (c+dx)™? (bSec[e+1=x])"'2
f(n-1) ) f2(n-1) (n-2) :



Rules for integrands of the form (c+d x)~m sec(a+b x)"p

b2 (n-2)
n-1

b2d*m (m-1)

dx)" (bs f 24 _—
J(c+ x)" (bsec[e +fx]) x+f2(n—1) 2

J(c +dx)™2 (bSec[e+1‘x])"'2 dx

Program code:

Int[(c_.+d_.#x_)"m_x(b_.xcsc[e_.+f_.*x_])~n_,x_Symbol] :=
-b"2x (c+dxx) “mxCot [e+fxx]  (bxCsc[e+Ffxx] )~ (n-2) /(fx (n-1)) -
bAz*d*m*(c+d*x)A(m—1)*(b*Csc[e+f*x])A(n—2)/(fA2*(n—1)*(n—2)) +
br2x (n-2) / (n-1) »Int[ (c+dxx) *mx (bxCsc [e+fxx] )" (n-2) ,x] +
br24d"24m+ (m-1) / (F22% (n-1) » (n-2) ) »Int [ (c+dxx) ~ (m-2) » (bxCsc [e+fxx] )~ (n-2) ,x] /;
FreeQ[{b,c,d,e,f},x] && GtQ[n,1] & NeQ[n,2] && GtQ[m,1]

2. j(c+dx)'“ (bsec[e+fx])"dx when n< -1

1: J(c+dx) (bsec[e+fx])"dx whenn< -1

Reference: G&R 2.631.3 withm > 1
Reference: G&R 2.631.2 withm - 1

Rule: If n < -1, then

J(c+dx) (bsec[e+fx])"dx —

d (bsec[e+fx])" (c+dx)Sin[e+fx] (bSec[e+-Fx])n+1
2 n? } bfn

+ n+:I'J‘(c+dx) (bSec[e+-Fx])"+2d1x
bZn

Program code:

Int[(c_.+d_.#x_)*(b_.xcsc[e_.+f_.#x_])~n_,x_Symbol] :=
dx (b*CSC [e+‘F*x] )"n/ (‘F"Z*n"2) +
(c+dxx) xCos [e+fxx]+ (bxCsc[e+fxx])~ (n+1) /(bxfxn) +
(n+1) / (b~2xn) »Int[ (c+dxx) * (bxCsc[e+fxx])~(n+2),x] /;
FreeQ[{b,c,d,e,f},x] & LtQ[n,-1]



Rules for integrands of the form (c+d x)~m sec(a+b x)"p

2: J-(c+dx)m (bsec[e+fx])"dx whenn<-1 Am>1

Reference: G&R 2.631.3
Reference: G&R 2.631.2

Rule:lf n< -1 A m> 1,then

j(c+dx)'“ (bsec[e+fx])"dx —

dm (c+dx)"* (bSec[e+fx])" (c+dx)"Sin[e+fx] (bSec[e+1’x])"+1
£ n2 -

+
bfn
n+1 d’m (m-1
" J(c+dx)'"(bSec[e+fx])"*2dlx—¥
b“n

pre J~(c+dx)'"‘2 (bsec[e+fx])"ax
n

Program code:

Int[(c_.+d_.#x_)"m_x(b_.xcsc[e_.+f_.*x_])~n_,x_Symbol] :=
dxms (C+d*Xx) ~ (M-1) * (b*Csc [e+'F*x] ) "n/(-F"Z*n"z) +
(c+d*x)Am*Cos[e+f*x]*(b*Csc[e+f*x])A(n+1)/(b*f*n) +
(n+1) / (b"2#n) xInt[ (c+d#x) *mx (bxCsc[e+Ffxx]) " (n+2) ,x] -

d”A2xmx (m-1)/(f"2*n"2) *Int [ (c+dxx) ™ (m-2) % (b*Csc [e+'F*x] )"n,x] /5
FreeQ[{b,c,d,e,f},x] && LtQ[n,-1] && GtQ[m,1]

3: f(c+dx)'" (bsec[e+fx])"dx whenn¢z

Derivation: Piecewise constant extraction

Basis: Oy ( (bCos[e +fx])" (bSec[e+fx])")

Rule: If n ¢ Z, then



Rules for integrands of the form (c+d x)~m sec(a+b x)"p

j(c+dx)"‘ (bsec[e+fx])"dx — (bCos[e+fx])" (bSec[e+fx])"J.&dlx

(bCos[e+fx])"

Program code:

Int[(c_.+d_.#x_)"m_.#(b_.xcsc[e_.+f_.xx_])~n_,x_Symbol] :=
(b*Sin [e+'F*x] ) Anx (b*CSC [e+'F*x] )"n*Int [ (c+d*x) "m/(b*Sin [e+'F*x] ) "n,x] /8
FreeQ[{b,c,d,e,f,m,n},x] & Not[IntegerQ[n]]

2: J-(c+dx)'“ (a+bsec[e+fx])"dx when (m|n) ez*

Derivation: Algebraic expansion
Rule:If (m | n) €z*,then

J(c+dx)"‘ (a+bsec[e+fx])"dx — J(c+dx)“‘ExpandIntegr‘and[(a+bSec[e+-Fx])", x] dx

Program code:

Int[(c_.+d_.#x_)"m_.x(a_+b_.xcsc[e_.+f_.»x_])~n_.,x_Symbol] :=
Int[ExpandIntegrand [ (c+dxx)~m, (a+bxCsc[e+fxx]) n,x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & IGtQ[m,0] & IGtQ[n,O]

3: J-(c+dx)'“ (a+bsec[e+fx])"dx whennez A mez*

Derivation: Algebraic expansion

Basis: If n € Z,then (a+bsec[z])" == —Ceslzl™

(b+aCos[z])™"

Rule:lif nez” A me z*, then



Rules for integrands of the form (c+d x)~m sec(a+b x)"p

Cos[e+-Fx]'n

J(c +dx)" (a+bsec[e+fx])"dx — j(c +dx)" ExpandIntegr‘and[ , x] dx

(b+acCos[e+fx])™

Program code:

Int[(c_.+d_.#x_) m_.*(a_+b_.xcsc[e_.+f_.xx_])"n_.,x_Symbol] :=
Int [ExpandIntegrand[ (c+dx)~m,Sin[e+fxx]~(-n)/(b+axSin[e+fsx])~(-n),x],x] /;
FreeQ[{a,b,c,d,e,f},x] && ILtQ[n,0] && IGtQ[m,0]

X: J(c+dx)"‘ (a+bsecfe+fx])"dx

Basis: csc[e + f x] == Sec [e- f + x|
Basis: csc [e+fXx] ==iCsch[ie+1fXx]
Bagsmscm+fx]=Suhﬁ(e-f)+ﬁfﬂ
Rule:

J(c+dx)'“ (a+bsec[e+fx])"dx — J(c+dx)"‘ (a+bsecf[e+fx])"dx

Program code:

Int[(c_.+d_.#x_)"m_.xcsc[e_.+f_.»x_]"n_.,x_Symbol] :=
If[MatchQ[f,f1_.xComplex[@,j_]],
If [MatchQ[e,el_.+Pi/2],
Unintegrable[ (c+d+x) ‘mxSech[Ix(e-Pi/2)+I+fxx]*n,x],
(-I)~“n+Unintegrable[ (c+d+x) *mxCsch[-Ixe-Ixfxx]*n,x]],
If[MatchQ[e,el_.+Pi/2],
Unintegrable [ (c+d+x) *mxSec[e-Pi/2+fxx]"n,x],
Unintegrable[ (c+d+x) *mxCsc[e+fsx]*n,x]]] /;
FreeQ[{c,d,e,f,m,n},x] && IntegerQ[n]



Rules for integrands of the form (c+d x)~m sec(a+b x)"p

Int[(c_.+d_.#x_)"m_.*(a_.+b_.xcsc[e_.+f_.*x_])~n_.,x_Symbol] :=
Unintegrable[ (c+dxx) “m« (a+bxCsc[e+fxx])~n,x]| /;
FreeQ[{a,b,c,d,e,f,m,n},x]

N: Ju’“ (a+bSec[v])"dx whenu=c+dx A v=e+fx

Derivation: Algebraic normalization

Rule:lf u==c+dx A v ==e+fXx, then

ju"‘ (a+bSec[v])"dx — J(c+dx)“‘ (a+bsecfe+fx])"dx

Program code:

Int[u_"m_.*(a_.+b_.*Sec[v_])”"n_.,x_Symbol] :=
Int [ExpandToSum[u,x]m* (a+bxSec [ExpandToSum[v,x]])"n,x] /;
FreeQ[{a,b,m,n},x] & LinearQ[{u,v},x] && Not[LinearMatchQ[{u,v},x]]

Int[u_"m_.+(a_.+b_.*Csc[v_])”"n_.,x_Symbol] :=
Int [ExpandToSum[u,x]*m* (a+bxCsc [ExpandToSum[v,x]])"n,x] /;
FreeQ[{a,b,m,n},x] && LinearQ[{u,v},x] && Not[LinearMatchQ[{u,v},x]]



